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NASA TT F-l1,663 

PROBLEMS ASSOCIATED W I T H  THE C A L C U L A T I O N  OF F R I C T I O N  
A N D  HEAT TRANSFER I N  A T U R B U L E N T  BOUNDARY L A Y E R  

V.  S.  Avduyevskiy and V.  N .  Kalashnik 

ABSTRACT. Discussion of t h e  e f f ec t  of t h e  Mach number ,  
pressure g rad ien t ,  sur face  roughness, and s imi l a r  para- 
meters on t h e  f r i c t i o n  and heat t r a n s f e r  i n  a tu rbulen t  
boundary layer .  I t  i s  shown that  the e x i s t i n g  empirical  
formulas and semi-empirical methods fo r  ca l cu la t ing  these 
parameters, w h i l e  based on experimentally determined f r i c -  
t ion  and hea t - t ransfer  laws, a r e  i n  poor agreement w i t h  
experimental data  i n  t h e  case of large Mach numbers, com- 
p r e s s i b l e  boundary layers  on a rough s u r f a c e ,  and c e r t a i n  
o ther  values of t h e  parameters. Furthermore, semi-empirical 
methods do not permit extrapolat ion beyond the c r i t i c a l  
values f o r  which t h e  empirical r e l a t i o n s  (on w h i c h  these 
methods a r e  based) were derived. It is seen t h a t ,  t o  
improve t h i s  s i t u a t i o n ,  i t  i s  necessary t o  r e f ine  t h e  
physical ideas on which these theor ies  a r e  based and to  
develop ca l cu la t ion  methods appl icable  over a wider range 
of parameter values b y  using more rigorous physical r e l a -  
t ions  f o r  turbulent-boundary-layer flows. 

The ca l cu la t ion  of  a tu rbulen t  boundary l aye r  i s  performed i n  order  t o  /zl 
determine the  c o e f f i c i e n t s  of f r i c t i o n ,  hea t  and mass exchange on t h e  su r face  
of t he  body around which the  flow occurs, as wel l  a s  c e r t a i n  i n t e g r a l  char- 
a c t e r i s t i c s  of t he  boundary layer :  the  displacement thickness ,  t h e  impulse loss  
th ickness ,  e t c .  A t  the  present  time, many var ious  empir ical  and semi- 
empir ical  methods have been developed f o r  ca l cu la t ing  the  turbulen t  boundary 
l aye r  [ l -81.  
deeper phys ica l  r e l a t i o n s h i p s  between local  c h a r a c t e r i s t i c s  i n  t h e  boundary 
l a y e r  ( turbulen t  v i s c o s i t y ,  s c a l e  o f  turbulence,  e t c . )  [9-121. 

Attempts a re  being made t o  c r ea t e  ca l cu la t ion  methods using 

However, the  e x i s t i n g  ca l cu la t ion  methods do not produce r e l i a b l e  r e s u l t s  
i n  a l l  cases .  We analyze below the  s p e c i f i c  f ea tu res  o f  flow i n  a turbulen t  
boundary l aye r ,  which cannot be predicted using the  ava i l ab le  methods. 
t he  problems w i l l  be simply s t a t e d .  

Some of 

I .  Turbulent Boundary Layer on a F la t  P l a t e  

A g r e a t  number of experimental works have been dedicated t o  the  study of 
t h e  boundary l aye r  on a p l a t e ,  and these works have allowed t h e  primary s p e c i f i c  

Numbers i n  t h e  margin i n d i c a t e  pagination i n  t h e  foreign t e x t .  

1 



f e a t u r e s  o f  t h i s  type o f  flow t o  be  determined. 
t h e  semi-empirical  t heo r i e s  o f  tu rbulen t  boundary l aye r s  i n  an incompressible 
l i q u i d  are well-known: these  achievements inc lude  t h e  production o f  un ive r sa l  
logari thmic v e l o c i t y  p r o f i l e s .  
f u r t h e r  developed i n  recent  years  
c a l c u l a t i o n  methods of  Prandtl-Carmen, Loytsyanskiy, Kalikhman, Iyevlev, 
von Driest, Wilson, Ginzburg and o thers .  As experimental d a t a  have been 
accumulated on t h e  inf luence  o f  t h e  primary flow parameters (Mach number, 
temperature f a c t o r ,  p ressure  g rad ien t ,  e t c . )  on t h e  development of  a tu rbu len t  

t h a t  t h e  hypotheses on which these  semi-empirical t h e o r i e s  are based may not  
correspond i n  every d e t a i l  with t h e  physical  p i c t u r e  o f  flow i n  a boundary 
l aye r .  Therefore,  these  theo r i e s  should be  looked upon as methods f o r  
producing a form of  c a l c u l a t i o n  dependence which must then be c l a r i f i e d  us ing  
experimental  da ta .  

The achievements o f  

The semi-empirical methods of ca l cu la t ion  were 
by the development o f  t h e  well-known 

boundary l aye r ,  these  methods are made ever more p rec i se .  I t  should be noted /E 

Figure 1 .  Influence of M Number on Coeff ic ien t  o f  Fric- 
t ion f o r  Heat Insulated Surface f o r  Ree 

1 ,  Calculated [31 ;  2 ,  Calculated [4 ] ;  3 ,  Calculated [51 
w i t h  Ree = 2000; 4 ,  Calculated [5] w i t h  Ree 

d d 
5,  Calculated [ 8 ] .  Experimental points  from works of 

= const :  
d 

+ m; 

various authors .  
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As t he  methods f o r  ca l cu la t ing  an incompressible boundary l aye r  were 
extended t o  cover the  flow of  a compressible gas ,  it was necessary t o  consider 
t h e  change i n  physical  p rope r t i e s  (density P ,v i scos i ty  E.C , heat  conduct ivi ty  A ,  
e t c . )  across  the  boundary layer .  In  t h e  works mentioned above, t h e  methods of  
c a l c u l a t i n g  t h e  compressible l aye r  were constructed on t h e  b a s i s  of  t h e  
ordinary conceptions of t h e  semi-empirical theory,  but  i n  considerat ion of t h e  
v a r i a b i l i t y  of P ,  P and across  t h e  layer.  On t h e  whole, the  cons idera t ion  of  
t h e  v a r i a b i l i t y  of the  physical  p roper t ies  makes i t  poss ib l e  t o  ind ica t e  the  
inf luence  of compress ib i l i ty  co r rec t ly .  However, f o r  a p l a t e  t h e  same r e s u l t s  
could be produced by s e l e c t i n g  mean values of these parameters (P , 1.1, A ,  e t c . )  
urd using them d i r e c t l y  in the f i n a l  empirical  formulas ( f o r  example, [4]). 

Figure 1 shows the  experimental 
values of  c o e f f i c i e n t  of f r i c t i o n  C with 1 
various Mach numbers on a heat  insu la ted  
surface [13-161. We can see t h a t  t he  
ca lcu la t ion  dependences of  C /C gener- 

a l l y  q u i t e  proper ly  r e f l e c t  t he  inf luence 
of the  M number on C where M < 9, s ince  f 
i n  t h i s  a rea  many measurements have been 
performed which can be used t o  c l a r i f y  t h e  
theor ies .  With g r e a t e r  M numbers, the  
experimental p o i n t s  l i e  above t h e  calcu- 
la ted curves. 

f o  

~ As y e t ,  i n s u f f i c i e n t  da t a  have been 0 ZS,C 54E 76,2 yrmfl 

Figure 2.  Influence ef R 
Number on Form of Velocity mmbers; however, we should know t h e  

P r o f i l e  [171 

accumulated t o  make a f i n a l  judgment 
concerning t h e  behavior of  a turbulen t  
boundary l aye r  i n  the  a rea  of l a rge  Mach 

experimental f a c t s  i nd ica t ing  t h e  changes 
i n  p r i n c i p l e  i n  the na tu re  of t h e  flow i n  
a boundary l aye r  a t  l a rge  Mach numbers. 

We can see from Figure 2 t h a t  t h e  ve loc i ty  p r o f i l e s  with increas ing  M number 

a r e  deformed [17], the  thickness  of the laminar sublayer  increases ,  reaching 
20-30% of t h e  th ickness  of  t he  boundary layer, and i t s  inf luence  on a l l  char- 
a c t e r i s t i c s  of the  boundary l aye r  increases .  I t  i s  poss ib l e  t h a t  t h i s  i s  the  
reason why extension of t he  semi-empirical t heo r i e s  and l i m i t  r u l e s  t o  the  a rea  
of l a r g e  Mach numbers does not  give sa t i s f ac to ry  r e s u l t s .  
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fiwte 3 .  Compar 
i n  Wozzles a t  M = 

Cone, Calcu 

son o f  Experimental Data on Heat Exchange 
5.5-10, on a P la t e  a t  M = 0-4 and on a 
a ted According t o  Formulas ( 1 )  and (2 )  

I I .  Boundary Layer w i t h  Pressure Gradient 

1 .  Negative pressure grad ien t .  The r e s u l t s  produced f o r  a p l a t e  can be 
extended t o  a flow with weak longi tudinal  pressure grad ien t .  
c a l c u l a t i o n  methods a r e  based on the  assumption t h a t  t he  loca l  c h a r a c t e r i s t i c s  
of  t h e  boundary l aye r  C f ,  S t  = a/ (P u c ) , H = 6 */e depend on l o c a l  values  of 
t h e  Reynolds number through t h e  momentum los s  thickness  Ree 

as on a p l a t e ;  t h i s  means t h a t  t h e  influence of t he  l o c a l  pressure  grad ien t  i s  
not  taken i n t o  considerat ion.  

(0 > G > 
r e s u l t s .  
c a l c u l a t i o n  of heat  exchange [ 8 ] .  
c ross  sec t ion  on the  sur face  of t he  body being examined, a p l a t e  of length 
x 

The e x i s t i n g  

1 l P  d 
= pluled/l(l j u s t  

d 

Over a ce r t a in  range of pressure  grad ien ts  

where G = {ed/ (plul) 2 )dp/dx), t h i s  approach gives  s a t i s f a c t o r y  
We can c i t e  as an example the  method of t h e  e f f e c t i v e  length f o r  t h e  

The essence of t h i s  method is t h a t  f o r  each 

i s  se l ec t ed ,  over which an iden t i ca l  boundary l aye r  develops. Figure 3 e f f  
shows the  experimental values of t he  coe f f i c i en t  of heat  exchange produced 
under var ious  condi t ions.  The e f f e c t i v e  length i s  determined from the  formula /c 

\ 
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and t h e  c o e f f i c i e n t  of heat  exchange 0 i s  determined us ing  t h e  empirical  
formula f o r  a f l a t  p l a t e  [4] 

I t  i s  i n t e r e s t i n g  t o  note t h a t  t h e  wage in these  formulas (as well  a s  i n  
formulas of o the r  methods of ca l cu la t ion  of heat exchange) of enthalpy I i n  
p lace  of the  corresponding temperatures allows us t o  produce r a t h e r  r e l i a b l e  
r e s u l t s  i n  ca l cu la t ing  the  turbulen t  boundary layer  i n  a d i s soc ia t ed  gas. 

The e f f e c t i v e  length method f o r  ca lcu la t ing  hea t  exchange allowed us  t o  
use the  experiments performed i n  f l o w s  with pressure  grad ien ts  (pr imari ly  i n  
nozzles) t o  c l a r i f y  the  empir ical  dependences i n  the  a rea  of l a rge  M numbers, 
low values  of temperature f a c t o r ,  e t c .  

The analogous method f o r  the  ca lcu la t ion  of f r i c t i o n  and dynamic boundary 
l aye r  r equ i r e s  more d e t a i l e d  information on the  form o f  t h e  ve loc i ty  and 
temperature p r o f i l e s .  
p r o f i l e s  has  one parameter and t h a t  t h i s  parameter i s  H = f(M1,Reg ,Tw/Tc) 

gives  f a i r  r e s u l t s  when t h e  following empirical dependences a r e  used 

The ordinary assumption t h a t  t h e  set of  v e l o c i t y  

d 

However, t h e  usage of  t he  law of  res i s tance  without cons idera t ion  of the  
inf luence  of t h e  loca l  pressure  gradient on f r i c t i o n  leads  t o  erroneous r e s u l t s  
i n  t h e  case of  l a rge  pressure  grad ien ts  i n  the  flow. 

5 



With a negat ive pressure  grad ien t ,  the v e l o c i t y  p r o f i l e  i s  deformed so  
t h a t  f r i c t i o n  and hea t  exchange increase with i d e n t i c a l  l aye r  thicknesses .  
This e f f e c t  i s  e i t h e r  taken i n t o  considerat ion i n  c e r t a i n  c a l c u l a t i o n  methods 
based on experimental da t a ,  o r  i s  included i n  the  semi-empirical  ca l cu la t ion  
methods i n  determining the  d i s t r i b u t i o n  o f  t h e  shear  s t r e s s  across  the  l aye r  
[18, 191. However, i n  acce le ra t ing  flows t h e r e  i s  y e t  another f a c t o r  which 
exe r t s  i t s  inf luence i n  t h e  opposi te  d i rec t ion .  We are speaking of  t he  sup- 
press ion  o f  turbulence and corresponding decrease i n  t r a n s f e r  c o e f f i c i e n t s .  
an example, we can c i t e  works [20, 211 in  which it is  shown t h a t  i n  the  
presence of  a s t rong  negat ive gradient  i n  nozzles ,  laminarizat ion of the  
turbulen t  boundary l a y e r  occurs.  
t h e  semi-empirical t h e o r i e s  and requi res  more p rec i se  methods. 

A s  

This fac t  i s  not pred ic ted  i n  p r i n c i p l e  by 

In work [22], measurements o f  t h e  coe f f i c i en t  o f  hea t  exchange on a p l a t e  
were performed f o r  subsonic v e l o c i t i e s  i n  t h e  presence of s e c t o r s  with negat ive 
pressure  grad ien ts  (Figure 4 ) .  With s u f f i c i e n t l y  l a rge  pressure  grad ien ts ,  
t h e  experimental po in t s  were notably lower than t h e  ca l cu la t ed  dependence f o r  
a t u rbu len t  boundary layer .  and 

included a determination of t h e  value of K a f t e r  achievement of  which a 

/E 

This work suggested parameter K = -G/Reg 
d 

max ’ 
decrease i n  t h e  hea t  exchange coef f ic ien t  i s  noted. However, a t  t h e  present  
time t h e r e  a r e  no methods f o r  ca lcu la t ing  the  tu rbu len t  boundary layer  under 
these  condi t ions.  

When a supersonic boundary l aye r  develops over an angular po in t ,  t h e  
e f f e c t s  analyzed above a l s o  appear,  i . e .  deformation of t he  ve loc i ty  p r o f i l e  
occurs,  t h e  p r o f i l e  becoming f u l l e r ,  and tu rbu len t  pu l sa t ions  i n  pressure  
occur. 
followed i n  the  immediate v i c i n i t y  of the angular p o i n t ,  s ince  the re  i s  a l a rge  
t r ansve r se  pressure  grad ien t  a t  t h a t  point. 

However, it should be noted tha t  t he  boundary l a y e r  equation i s  not  

Figure 5 shows experimental values of hea t  exchange on a cy l inde r  beyond 
the  angular  po in t  [23]. 
c r i t i c a l  po in t  d i sagrees  with t h e  experimental value only i n  t h e  a rea  of t h e  
angular  po in t .  Calcu la t ion  of  t h e  heat  exchange on t h e  assumption t h a t  t h e  
boundary l aye r  begins t o  develop a t  t h e  angular  po in t  gives  an a r t i f i c i a l l y  
high va lue  of a which, however, approaches t h e  experimental  value a t  l a rge  
d is tances .  
ca l cu la t ions  a r e  performed i n  considerat ion of deformation of t h e  ve loc i ty  
p r o f i l e  upon r o t a t i o n  [23] .  
using t h e  formulas f o r  an i d e a l  gas without consider ing the  inf luence of  
v i s c o s i t y .  After the  r o t a t i o n ,  development of  a new boundary l aye r  i s  analyzed 
i n  the  flow with t r ansve r se  ve loc i ty  gradient.  In  t h i s  case,  t h e  ex is tence  of  
a laminar boundary l aye r  i n  the  a rea  o f t h e  angular  po in t  i s  poss ib le .  
s u f f i c i e n t l y  l a rge  d is tances  from the  angular p o i n t ,  t h e  inf luence  i s  reduced, 
and the  t h r e e  ca l cu la t ion  dependences converge. 
t he  above i s  c o r r e c t  f o r  those  cases  when t h e  flow moves pas t  the  angular  
po in t  p r a c t i c a l l y  without separa t ion .  

We see t h a t  the ca l cu la t ed  hea t  exchange from the  

Good correspondence with the experimental values  i s  observed when 

Rotation of t h e  boundary l aye r  can be ca l cu la t ed  

A t  

I t  should be noted t h a t  a l l  
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2. Pos i t i ve  pressure /E 
gradien t .  Flows with p o s i t i v e  
p re s su re  grad ien ts  have always 
been s tudied  deeply. Many 
works have been dedicated t o  
the  development of  i n t e g r a l  
methods of ca l cu la t ing  the  
boundary layer  f o r  the  case 

I dp/dx > 0 [ l l ,  19, 24, 25, 
I e tc . ]  In  t h i s  case ,  very 
I 

s t rong  deformation of  t h e  
v e l o c i t y  p r o f i l e s  occurs,  
p a r t i c u l a r l y  when we approach 
the  po in t  of separa t ion .  
However, t h e  assumption t h a t  
t h e  set  o f  ve loc i ty  p r o f i l e s  
has one parameter gives  s a t i s -  
f a c t o r y  r e s u l t s .  As a form 
parameter, sometimes the  value 
of  Hi i s  used [25, 261 

Figure 4. Influence of Negative 
Pressure Gradient on Heat Exchange b 6 

U 
Coeff ic ien t  i n  Turbulent Boundary 
Layer. Before sec to r  w i t h  negative 0 0 

H i =  s [ 4 - 3  I s,[ 1 -"lay. u1 

pressure gradient  Reg = 1890 a n d  

We can see  from Figure 6 
t h a t  with i d e n t i c a l  values  of 
t h i s  parameter, t he  ve loc i ty  
p r o f i l e s  produced under var ious 

d 
6 Re = 0.77-10 [22 ]  

condi t ions  agree well  with each o the r .  

Many dependences have been suggested f o r  t h e  r e s i s t a n c e  r u l e ,  of  which 
t h e  most successfu l  is  the  Ludvieg-Tillmann formula [18]. 

In  [25],  a method is suggested for ca lcu la t ing  f r i c t i o n  i n  a tu rbu len t  
boundary l a y e r  with pressure  grad ien t ;  i n  t h i s  method, the  Ludvieg-Tillmann 
formula is  used as a r e s i s t a n c e  r u l e ,  and t h e  form parameter s e l e c t e d  i s  H 
The following formula was produced f o r  C i' 

f: 

On Figure 7 ,  taken from [25],  w e  see t h a t  ca l cu la t ion  using t h i s  formula 
agrees  q u a l i t a t i v e l y  with t h e  experimental values  f o r  a complex form body, t he  
su r face  of  which has a reas  both with pos i t ive  and with negat ive pressure  
grad ien ts .  However, the  q u a n t i t a t i v e  correspondence f o r  C i s  unsa t i s f ac to ry ,  

although t h e  ca l cu la t ed  and experimental values of momentum l o s s  thickness  

/E 

f 
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correspond. 
r e s i s t a n c e  r u l e  is  not un ive r sa l ,  and t h e  s e t  of ve loc i ty  p r o f i l e s  can be 
considered one-parameter only i n  t h e  f i r s t  approximation. 

This i s  r e l a t e d  t o  the  f a c t  t h a t  t h e  formula f o r  t h i s  type of  

In  supersonic flows, 
ca l cu la t ion  of t h e  boundary 
layer  i s  compl icaed  due t o  t h e  
r eve r se  inf luence  of  t h e  bound- 
a r y  l aye r  on t h e  ex te rna l  f r e e  
flow. This problem goes 
beyond the  framework of  t h e  
boundary l aye r  theory.  However, 
from experiments on t h e  i n t e r -  
a c t i o n  o f  t he  boundary layer  
with compression jumps, we can 
produce add i t iona l  information 
f o r  t h e  r e s i s t a n c e  r u l e  and t h e  

supersonic v e l o c i t i e s  on small 
models. In these  experiments, 
it is easy t o  determine t h e  
displacement th ickness  6 *  with 
var ious values of dp/dx and t h e  

I 
- value of  form parameter H a t  0 2 3 4 5 s  

Figure 5. Influence of Rotation 
about Angular P o i n t  on Heat Exchange 
Coeff ic ien t  i n  Turbulent Boundary 
Layer. Coordinate S measured - from pos i t i on  of the  poin t  of 

angular point [231. S = S/R separa t ion  with respec t  t o  the  
jump using shadow photography. 
The q u a n t i t i e s  determined allow 

This  i s  the  s implest  t he  value of G t o  be determined a t  t h e  separat ion poin t .  
and most p rec i se  method of determining separat ion values  o f  G i n  supersonic 
flows. 

I 

I l l .  Area of  Trans i t ion  t o  Turbulent F l o w  i n  Boundary Layer 

Calcu la t ion  of t he  pos i t i on  of t he  zone of t r a n s i t i o n  of a boundary l aye r  
and t h e  changes i n  the  na ture  of t h e  layer  i n  t h i s  zone i s  an extremely 
important t a s k  which has  not ye t  been solved. The problem i s  complicated by 
the  l a r g e  number of parameters which inf luence the  t r a n s i t i o n  o f  t he  boundary 
l aye r  s t rongly .  

Although a g rea t  number of experimental works have been dedicated t o  t h i s  
t r a n s i t i o n ,  as y e t  no systematic  d a t a  have been developed on t h e  inf luence of  
each parameter ind iv idua l ly .  

I t  can be considered e s t ab l i shed  a t  t h e  present  time t h a t  t h e  Reynolds 
number f o r  t r a n s i t i o n  on a heat  insu la ted  sur face  with dp/dx = 0 increases  
monotonously with increasing Mach number f o r  M > 3 [27, 281. I t  has a l s o  been 
e s t ab l i shed  t h a t  t he  length of the  t r a n s i t i o n  zone may be very g rea t  and a t  
supersonic  v e l o c i t i e s  t h e  p l a t e  s ec to r  covered by t h e  t r a n s i t i o n a l  l aye r  may 
be g r e a t e r  than t h e  s e c t o r  covered by laminar flow [27, 291. I t  is  known t h a t  
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cool ing o f  t h e  su r face  may e s s e n t i a l l y  delay onset  o f  t h e  t r a n s i t i o n  on a 
sur face  a t  Mach numbers M = 2-3  [30].  

F i g u r e  6. Comparison of Velocity P ro f i l e s  
Produced w i t h  Various M Numbers and Ident- 
ica l  Values o f  Form Parameter H: 

1 ,  M = 1 .42 ;  2, M = 1.85-2.96; 3 ,  M = 5 

Concerning hea t  
exchange, it has been 
e s t ab l i shed  t h a t  i n  the  
t r a n s i t i o n  a r e a  t h e  
c o e f f i c i e n t  of hea t  
exchange increases  
monotonously from laminar 
t o  tu rbu len t  values .  For 
a f l a t  p l a t e ,  t h e  
following r e l a t i o n s h i p  
between t h e  Stanton 
number i n  t h e  t r a n s i t i o n  
a r e a  and t h e  Reynolds 
number has been 
e s t ab l i shed  (Figure 8) : 

(7 1 St, = A Re ,,," 
(n = 0,8--1,0), 

where A depends on t h e  
Reynolds number a t  t h e  
beginning o f  t r a n s  i t  ion. 

The primary d i f f i -  /g 
c u l t y  involved i n  
c a l c u l a t i n g  h e a t  exchange 
i n  t h e  t r a n s i t i o n  a r e a  is  

r e l a t e d  t o  a determinat ion of t h e  pos i t ion  of t h e  t r a n s i t i o n  zone on t h e  body 
being analyzed. 

Measurement of f r i c t i o n  i n  the  t r a n s i t i o n  area has p r a c t i c a l l y  never been 
performed. 
t h e  Reynolds analogy on t h e  b a s i s  of t h e  a v a i l a b l e  experimental  d a t a  on hea t  
exchange. 

Where necessary,  f r i c t i o n  i n  t h e  t r a n s i t i o n  area is  est imated us ing  

I t  should be  noted t h a t  roughness i n  the  t r a n s i t i o n  area may cause a 
considerable  increase  i n  the  coef f ic ien t  o f  hea t  exchange and p a r t i c u l a r l y  the  
c o e f f i c i e n t  of  temperature r e s t o r a t i o n  r .  Whereas with n a t u r a l  t r a n s i t i o n  of  a 
boundary l a y e r  over a smooth sur face  t h e  c o e f f i c i e n t  o f  r e s t o r a t i o n  increases  
from t h e  laminar value of 0.84-0.85 t o  the  tu rbu len t  va lue  r = 0.88-0.90, over 
a rough su r face  t h e  values  o f  r may reach 0.95-0.98. 
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Figure 7. Calculation of  Coeffi- 
c i e n t  of Fr ic t ion  C f  and Momentum 

Loss Thickness B d  on Complex Form 

Body with Mach Number o f  incident 
Flow 2.0; a ,  Shape of body; b ,  Com- 
par ison of calculated and exper- 
imental values of B d ;  c ,  Comparison 

of ca lcu la ted  a n d  experimental 
values of C f  

I V .  Boundary Layer on a Rough 
Surface 

Based on t h e  c l a s s i c a l  
experiments by Nikuradse [31] 
conducted i n  rough tubes,  a 
method has been developed f o r  
ca l cu la t ing  f r i c t i o n  over rough 
p l a t e s  around which an incom- 
p r e s s i b l e  l i q u i d  flows [32].  The 
concept of t h e  equivalent  sand 
roughness was developed, which 
allowed the  form of  t h e  roughness 
elements t o  be  el iminated from t h e  
ana lys i s .  I t  was found t h a t  t he  
r a t i o  of the  he ight  of the  equiv- 
a l e n t  sand roughness t o  t h e  
thickness  of  t h e  laminar sublayer  
i s  a parameter which charac te r -  
i z e s  the  degree of  inf luence of  
t h e  roughness on f r i c t i o n .  When 
t h e  he ight  of t he  roughness i s  
l e s s  than t h e  th ickness  of  t he  
sublayer ,  t he  roughness of  t he  
su r face  does not  inf luence f r i c -  
t i o n ,  and the  sur face  can be 
considered smooth. When t h e  
height  of t h e  roughness i s  
considerably g rea t e r  than t h e  

thickness  of t h e  laminar sublayer ,  t h e  r e s i s t ance  of  t h e - f i r m  of t he  roughness 
becomes determinant;  a t  t h i s  po in t  t h e  value of  C 

Reynolds number, and depends only on the he ight  of t he  roughness. 
in te rmedia te  a rea ,  Cf depends both on the height  of  t he  roughness and on the  

Reynolds number. 

ceases  t o  depend on the  f 
In  the  

The method of c a l c u l a t i n g  C i n  an incompressible turbulen t  
over a f l a t  p l a t e  [32] agrees  wefl w i t h  experimental da t a ,  as  we 
Figure 9,  which shows experimental [33] and ca l cu la t ed  values  of 
c o e f f i c i e n t  of f r i c t i o n  C on a p l a t e  of length 2 a t  M = 0.7.  F 

boundary layer  /E 
can see from 
the  mean 

Many attempts have been undertaken t o  consider  t he  inf luence of  compress- 
i b i l i t y ;  however, no s a t i s f a c t o r y  method f o r  ca l cu la t ing  f r i c t i o n  i n  a 
compressible l aye r  over a rough surface has ever been produced. 
we see experimental  values  of C F 
as well as ca lcu la ted  values of CF which do not  consider  t h e  inf luence of  

compress ib i l i ty  [32] and which do consider t h e  inf luence  of  compress ib i l i ty  
[34]. We see t h a t  t h e  divergence between the  experimental and ca lcu la ted  
va lues  remains considerable .  

On Figure 10 
a t  M = 2 ,  f o r  a rough sur face  o f  length 2 

I t  should be noted t h a t  with increasing M number, 
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t h e  inf luence  of roughness on f r i c t i o n  decreases.  

Figure 8. 
Coeff ic ient  i n  Gradient-free Flow a t  M = 2.9:  
1 ,  Calculated according to formula S t  = 

Experimental Values of Heat Exchange 

W 

= 0.332Rei1’2Pri2’3; 2 ,  Calculated according t o  

formula St, = ARe,; 3 ,  Calculated according t o  

-0.2 -0.6 
rw formula S t w  = 0.029Rew 

The inf luence  of roughness of  t h e  sur face  on hea t  exchange has been l e s s  
thoroughly s tudied  than i t s  inf luence  on f r i c t i o n ,  even i n  an incompressible 
boundary layer .  Here, t he  form of  t h e  roughness elements has not  ye t  been 
success fu l ly  eliminated from ana lys i s ;  due t o  t h i s ,  t he  experimental depend- 
ences of var ious authors  agree poorly with each o the r ,  even f o r  flow i n  tubes.  
Heat exchange on t h e  rough sur face  continues t o  depend on t h e  Reynolds number 
i n  the  a rea  of t he  square law of res i s tance ,  where c o e f f i c i e n t  C 

depend on Re [35]. This ind ica t e s  t h a t  t he  Reynolds analogy i s  d is rupted  f o r  
rough sur faces .  

does not  f 

Experiments performed a t  supersonic v e l o c i t i e s  have shown t h a t  l a rge  
roughnesses increase  hea t  f luxes  by f ac to r s  of 1.5-2, and f u r t h e r  increases  i n  
roughness height  do not change heat  exchange c o e f f i c i e n t  QI (Figure 11).  I t  i s  
i n t e r e s t i n g  t o  note  t h a t  when rough and smooth s e c t o r s  of the  sur face  a l t e r -  
na t e ,  t h e  value of QI i s  determined e n t i r e l y  by the  loca l  condi t ions.  Figure 11 
shows values  of QI produced on smooth surface sec to r s  ( the s i z e  of  t he  t r ans -  
ducer was d = 0.02 m ,  corresponding t o  2-3 t imes the  thickness  of t he  boundary 
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layer) which followed a rough surface (x = 0.15-0.5 m). We can see that the 
experimental values agree well with the calculated values for a smooth surface. 
A similar result for friction in an incompressible boundary layer on a rough 
surface w a s  produced in work [ 3 6 ] ;  it is also mentioned in book [32]. 

Figure 9. Influence of 
Roughness of Surface on Mean 
Value of Coefficient of 
Friction Cf over a plate of 
Length Z in an Incompress- 
ible Turbulent Boundary 
Layer: 1 ,  Experimental, 
Z/h = 419, M = 0.7 [331; 
2, Experimental, Z/h = 650, 
M = 0.7 [ 3 3 ] ;  3 ,  Exper- 
imental, Z/h = 1680, M = 0.7 
[331; 4, Smooth plate 
M = 0.7 [331; 5, Calculated, 
Z/h = 410(?) M = 0 [321; 
6, Calculation, Z/h = 650, 
M = 0 [32]; 7,  Calculation, 
Z/h = 1680, M = 0 [32]; 
8, Smooth plate, M = 0 [45?1 

V. Boundary Layer on a Permeable Surface 

, 

R e  

Figure 10. Influence of 
Surface Roughness on Mean 
Value of Coefficient of 
Friction C on Plate of 
Length 2 in Compressible 
Turbulent Boundary Layer: 
1, Experimental, Z/h = 450, 
M = 2.0 [33 ] ;  2, Exper- 
imental, Z/h = 720, M = 2.0 
[33 ]  ; 3, Calculated, 
Z/h = 450, M = 0 [321; 
4, Calculated, Z/h = 720, 
M = 0 [32] ;  5, Calculated, 
Z/h = 450, M = 2.0 1351; 
6, Calculated, Z/h = 720, 
M = 2.0 [34];  7,  Smooth 

plate M = 2.0 1451 

F 

The boundary layer on a porous surface with coolant flow through the 
surface has been investigated by many authors ( for  example, [37-401).  A number 
of empirical and semi-empirical methods for calculation have been suggested 
[5, 39 ,  41-43]. 

Blowing of gas through the surface leads to a considerable deformation of 
the velocity profiles which, with large blowing parameters B 
S-shaped form [40]. 
authors on blowing of air into air agree with the calculated dependences of the 

take on an 0' 
Figure 12 shows that the experimental data of various 
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hea t  exchange coe f f i c i en t  on the  blowing parameter with small values  o f  t h i s  
parameter (BO < 1) .  However, here  a l s o  we see  considerable  divergence. As 

B i s  increased,  t h e  inf luence of blowing indica ted  by most ca l cu la t ion  methods 

is  a r t i f i c i a l l y  high. Work [39] suggests an empir ical  dependence f o r  the  
cons idera t ion  of t h e  inf luence of blowing of var ious gases on hea t  exchange a t  
supersonic speeds (0 G MI G 8 ) :  

0 

are the  heat  f luxes  with and without blowing, b = f(m /m ), qwo 1 v  where qw, 

m and m a r e  the  molecular weights o f  the gases.  This dependence agrees well  
V 1 

with the  r e s u l t s  of experiments f o r  values of q,/qwo 2 0 . 3 ,  Tw/T 

Re = 10 -10 ; rn - 2-121. 

= 0.6-1.2; e 
5 7  

V 

C i g r r e  1 1 .  influence of Large Scale  Roughness 
of Surface on Heat Exchange Coeff ic ien t  i n  
Compressible, Turbulent Boundary Layer on Flat  
p l a t e :  1 ,  Experimental, M = 2 . 4 ,  d i s t ance  from 
b e g i n n i n g  of boundary l a y e r  x = 10-530 mm,  
height of roughness h = 1 m m ;  2 ,  Experimental, 
M = 2 .7 ,  x = 370-530 mm, h = 1 mm; 3 ,  Exper- 
imental, M = 2.4,  x = 150-500 mm. Upstream from 
t h e  point of measurement, t h e  sur face  is rough 
( h  = 1 m m ) .  The surface of the  heat exchange 
transducer is smooth (d = 20 m m ) ;  4 ,  Calcula- 
t ion fo r  smooth sur face  according t o  formula 
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For the  case  of  l a rge  flow r a t e s  of gas, no hea t  exchange c a l c u l a t i o n  
methods a r e  c u r r e n t l y  ava i l ab le .  

Everything s t a t e d  above concerning the  inf luence  of  blowing is  c o r r e c t  f o r  
g rad ien t - f r ee  flows. 
ava i l ab le  on t h e  inf luence  of blowing: correspondingly, t h e r e  a r e  a l s o  no 
c a l c u l a t i o n  methods. 
e s s e n t i a l  in f luence  on a l l  c h a r a c t e r i s t i c s  of t he  boundary l aye r .  
g rea t  i n t e r e s t  i n  t h e  problem of t h e  development of the  boundary layer  beyond 
the  blowing s e c t o r  as t h e  blowing in t ens i ty  i s  changed along t h e  length of  a 
p l a t e .  

Where dp/dx f 0 ,  no r e l i a b l e  experimental da t a  a r e  

In  t h i s  case ,  deformation of t h e  v e l o c i t y  p r o f i l e  has an 
There i s  

V I .  Boundary Layer w i t h  Variable Conditions a t  t h e  Surface 

This c l a s s  of problems includes the  ca l cu la t ion  of a boundary l aye r  on a 
sur face  with v a r i a b l e  length of roughness and blowing parameters which vary 
along the  length of  t h e  sur face ,  which were p a r t i a l l y  analyzed above, as well  
as c a l c u l a t i o n  of t h e  boundary layer  w i t h  va r i ab le  su r face  temperature T . 

Heat exchange on the  sur face  with a shqrp change i n  temperature ("temper- 

W 

a t u r e  step") i n  an incompressible l i qu id  is descr ibed well by the  following 
formula, produced under r e l a t i v e l y  simple i n i t i a l  assumptions [44, 451: 

where x, 2 a r e  t h e  d is tances  from the  beginning of  t he  boundary l aye r  t o  t h e  
sec t ion  being analyzed and t o  the  point  of t he  sudden change i n  temperature 
r e spec t ive ly ,  Tw, TO1 a r e  the  temperatures of t h e  wall and t h e  flow a t  c ros s  

s e c t i o n  x. 

The so-ca l led  superposi t ion method has been success fu l ly  used t o  c a l c u l a t e  
hea t  exchange on a sur face  with a smooth change i n  sur face  temperature; t he  
essence of  t h i s  method is  t h a t  t h e  smooth change i n  temperature i s  replaced by 
a stepwise change, t h e  inf luence of each s t e p  being analyzed ind iv idua l ly  
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according t o  the  formula used above, and the inf luence  o f  a l l  "steps" being 
added f o r  t h e  p l a t e  s ec t ion  i n  quest ion.  
the  ca l cu la t ion  formula f o r  l o c a l  he8t f lux on t h e  sur face  with va r i ab le  
temperature takes  on the form [45]:  

Af te r  t he  obvious t ransformations,  

Figure 12. Influence of Blowing of Air on Heat 
Exchange o n  P l a t e  w i t h  Tw/Te = 1 and Re = const .  

Most experimental points  of various authors  produced 
ng t o  [12]; 2 ,  Cal- a t  M 1  m 0: l ,  Calculation accord 

cu la t ion  according t o  [51 ( l i m i t  
t ion according t o  [411; 4 ,  Calcu 
theory of Rubezin [381; 5 ,  Calcu 

[371 

law); 3,  Calcula- 
a t  ion according t o  
a t ion  according t o  

Figure 13 shows the  inf luence o f  the stepped change i n  temperature of  t he  
su r face  on the  c o e f f i c i e n t  of f r i c t i o n  and hea t  exchange [46], averaged over a 
c e r t a i n  length d ( s i z e  of t he  transducer) a t  M = 5. According t o  the  formulas 
f o r  an incompressible l iqu id ,  the  r a t io  of t he  hea t  exchange c o e f f i c i e n t s  a t  
the  t ransducer  i n  the  presence of  a "temperature step" 
temperature a can be represented i n  the  form [47] 

/% 

and a t  constant  
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(T t r  - where H and F depend only on t h e  geometric dimensions, while z = 

- Tw)/(Ttr - Tol). 
shown on Figure 13, t h e  value of  H = 0.5. The experimental po in t s  l i e  on 

a l i n e  described by ( l l ) ,  but with values of H 1.4-1.7, i . e .  i n  a compress- 
i b l e  boundary layer ,  a sudden change i n  surface temperature inf luences the  hea t  
exchange more s t rong ly  than i n  an incompressible boundary layer .  Attempts t o  
extend t h e  methods f o r  ca l cu la t ing  heat  exchange with va r i ab le  su r face  temper- 
a t u r e  t o  a compressible boundary l aye r  have as y e t  been unsuccessful.  

Under the  condi t ions o f  the  experiment whose r e s u l t s  a r e  

incom 

Figure 13 a l s o  shows the  r e s u l t s  of measurement of  f r i c t i o n  with a 
"temperature s t ep . "  
p r a c t i c a l l y  no in f luence  on f r i c t i o n .  

We s e e  t h a t  t h e  sudden change i n  temperature has 

Figure 13. Influence of Sudden Change i n  Temperature 
of Surface on  Values of Heat Exchange Coeff ic ient  
and F r i c t ion  Coeff ic ien t  i n  Compressible Layer f 
Averaged over Length of Transducer [46 ] .  According 
t o  [47 ] ,  fo r  t h e  conditions o f  t h i s  experiment [461, 

F(x/Z) % 1 ,  H(x/Z) X 0.5  

VII. Certain Paths f o r  Further Development of t h e  Methods f o r  Calculat ing a 
Turbulent Boundary Layer 

Thus, t he  usage of semi-empirical methods f o r  ca l cu la t ing  ( l i k e  the  
empir ical  formulas) produces r e l i a b l e  r e s u l t s  only with values of def in ing  
parameters f o r  which these  dependences have been t e s t ed  experimentally.  
Extension of t h e  empir ical  o r  semi-empirical dependences t o  the  l i m i t s  of 
a v a i l a b l e  experimental da t a  can lead t o  erroneous r e s u l t s  ( f o r  example, t h e  
dependence of Cf on t h e  Mach number a t  M >  9,  t h e  dependence of heat  exchange 

on a i r  blown i n t o  t h e  stream a t  high blowing parameters, e t c . ) .  Semi-empirical 
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methods cannot consider  any s p e c i f i c  fea tures  i n  the  inf luence  of the  de f in ing  
parameters,  which were not included i n  the composition of these  methods. 
semi-empirical methods, l i k e  t h e  experimental dependences, a r e  i n  most cases  a 
convenient method of i n t e rpo la t ion  of the  inf luence  of the  determining para- 
meters on t h e  primary c h a r a c t e r i s t i c s  of the  flow i n  the  boundary layer .  

The 

Therefore,  t he  main t a s k  i s  not  c l a r i f i c a t i o n  of t hese  methods i n  t h e i r  
p resent  form, but r a t h e r  improvement of  the phys ica l  ideas  on which they a r e  
based; t h e  experimental determination of  s p e c i f i c  f e a t u r e s  of t he  inf luence of 
var ious parameters on t h e  development of t he  boundary l aye r  and t h e  usage o f  

order  t o  c r e a t e  new methods f o r  i t s  ca lcu la t ion  i n  p lace  o f  t he  commonly used 
r e s i s t a n c e  r u l e ,  d i s t r i b u t i o n  of shear  s t r e s s  through the  thickness  of t he  
l aye r ,  e t c .  

deeper physical  r e g u l a r i t i e s  f o r  t h e  flow i n  the  tu rbu len t  boundary layer  i n  /G 

From t h i s  po in t  of view, t h e r e  is i n t e r e s t  i n  the  work of Iyevlev, Fox and 
Zakkay, Bradshow e t  a l .  [9-121. Most of t hese  works a r e  based on widespread 
usage of e l e c t r o n i c  d i g i t a l  computers t o  so lve  t h e  complex d i f f e r e n t i a l  
equations i n  p a r t i a l  de r iva t ives  using experimental da t a  on turbulen t  t r a n s f e r  
c o e f f i c i e n t s .  

Figure 14  shows the  r e s u l t s  [ l l ]  of ca l cu la t ion  of Cf i n  an incompressible 

boundary layer  on a smooth p l a t e  with various values  of i n i t i a l  turbulence 

$. 
movement, d i scon t inu i ty  and energy of tu rbulen t  pu l sa t ions  

Work [ll] conta ins  t h e  numerical so lu t ion  of  a system of  equations of 

where the  v i s c o s i t y  1-1 and diffusion coe f f i c i en t  D a r e  experimental func t ions  of 
t he  Reynolds number a / v  i n  t h e  s c a l e  of turbulence L. 
dependence L = f (y /6 )  was a l s o  used f o r  t he  s c a l e  of turbulence.  
of  t h i s  system o f  equations i s  used t o  develop a f r i c t i o n  r u l e  (Figure 14).  
The ca lcu la ted  p r o f i l e s  agree well  w i t h  experimental ve loc i ty  p r o f i l e s .  

The experimental 
The so lu t ion  

In essence,  t h i s  method i s  a l s o  based on c e r t a i n  empirical  dependences, 
but  t h e s e  dependences a r e  more general  i n  na ture  than those which a r e  used i n  
t h e  semi-empirical ca l cu la t ion  methods ( r e s i s t ance  r u l e ,  e t c . ) ,  and a r e  
gene ra l ly  appl icable  only t o  a narrow c l a s s  o f  flows. Therefore,  the  
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ca lcu la t ion  methods l i k e  those presented i n  [ l o ,  113, encompass a broader c l a s s  
of flows and, poss ib ly ,  can be used t o  find a so lu t ion  t o  t he  problas 
stated above. - 

Re 

F i g u r e  14. C a l c u l a t i o n  o f  C o e f f i c i e n t  of F r i c t i o n  
C f  w i t h  Var ious I n i t i a l  Levels of  Turbulence &-; 
I, C a l c u l a t i o n  f o r  $ =  0.1;  2, C a l c u l a t i o n  f o r  

$ = 0.001; 3 ,  C a l c u l a t i o n  f o r  6 = O . O O O ~ ;  

0 

4, C f  = f(Re) for  laminar  boundary Layer;  5, C f  - 
= 0.455(lgRe) -2*58 for t u r b u l e n t  boundary l a y e r  

18 
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